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SAMUELSON'S WEBS
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∗
Àííîòàöèÿ
In the present paper we dene Samuelson's webs and their rank. The
main result of the paper is the proof that the rank of the Samuelson webs
does not exeed 6, as well as nding the onditions under whih this rank
is maximal for the general Samuelson webs as well as for their singular
ases.
1 Introdution
Appliation of web theory in eonomis has its origins in the works of Gerard
Debreu and Paul A. Samuelson (Nobel Prize winners in eonomis in 1983 and
1972).
Debreu showed that the existene of a funtion providing a preferene ordering
is equivalent to the triviality of a ertain 3-web. In Samuelson's theory the
problem of prot maximization an be formulated in terms of web theory (see,
for example, [1℄).
In this paper we propose interpreting the area ondition of MaxwellSamuelson
in terms of webs as a quadrati relation on the dierential forms dening a planar
4-web. This makes transparent the relationship between MaxwellSamuelson's
ondition and Abel's equations. We use this observation to derive a system of
dierential equations, whih we all Samuelson's equations, and whih to a large
extent are similar to the Abel equations. As for Abel's equations, we introdue
the notion of the rank of Samuelson's web (S-rank) whih oinides with the
dimension of the solution spae of the system of Samuelson's equations.
The main result of this paper is the proof that the rank of the Samuelson
webs does not exeed 6, as well as nding the onditions under whih this
rank is maximal. Our approah is onstrutive and, in partiular, it ontains a
proedure for nding the rank of an arbitrary S-web (f. [3℄).
2 Samuelson's webs
Let M =< ω1, ω2, ω3, ω4 > be a 4-web in the plane. We say that this 4-web is a
Samuelson's web, if some dierential forms ω1, ω2, ω3 and ω4 dening the 4-web
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satisfy the following exterior quadrati relation:
ω3 ∧ ω1 + ω4 ∧ ω2 = 0. (1)
In what follows, for brevity we shall all Samuelson's webs S-webs.
Sympleti and ontat geometry provide examples of S-webs. Let R4 be a
four-dimensional sympleti manifold with a struture form dy1∧dx1+dy2∧dx2,
and let M2 ⊂ R4 be a Lagrangian surfae on whih the dierentials of any pair
of the oordinate funtions (x1, x2), (y1, y2), (xi, yj) are linearly independent.
Then the 4-web on this surfae dened by the level urves of these funtions is
an S-web.
We shall all this web the oordinate S-web on the Lagrangian surfae.
In a similar way an S-web arises on Legendrian manifolds M2 ⊂ R5, lying
in ontat manifolds (R5, dz − ydx).
In the denition of S-webs the dierential 1-forms ωi are dened up to
multipliation by funtions λi whih do not vanish at any point:
ωi → λiωi, (2)
and whih satisfy the ondition
λ3λ1 = λ4λ2.
This ondition allows us to make the following normalization of the 4-web.
First, we an hoose the fators λ1, λ2 è λ3 in suh a way that
ω3 + ω1 + ω2 = 0. (3)
With this hoie of the dierential forms ω1, ω2 and ω3, one an show that the
fators λi in ωi in relation (2) must be equal:
λ1 = λ2 = λ3 = λ4 = λ.
With normalization (3), ondition (1) takes the form (ω4 + ω1) ∧ ω2 = 0. It
follows that
ω4 + ω1 + bω2 = 0,
where b gives the basis invariant of the 4-web (see [2℄).
More preisely, the value of the funtion b−1(a) at the point a ∈ R2 is
the ross-ratio of the points [ω1,a, ω2,a, ω3,a, ω4,a] on the projetive straight line
P(T ∗a (R
2)).
Seondly, we hoose the fator λ in suh a way that ω3 = df for some funtion
f . Denote by x and y suh funtions whih satisfy the onditions
ω1 ∧ dx = 0, ω2 ∧ dy = 0,
but where dx ∧ dy 6= 0.
These funtions x and y an be hosen as oordinates, and equation (3) gives
the following relations:
ω3 = df, ω1 = −fxdx, ω2 = −fydy.
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3 Struture equations
As in [2℄, denote by γ suh a 1-form that
dωi = ωi ∧ γ, i = 1, 2, 3.
This form determines the Chern onnetion in the plane, and the rst three web
foliations are geodesi with respet to this onnetion. The urvature form dγ
of this onnetion is a dierential invariant of the 3-web < ω1, ω2, ω3 >.
Denote by {∂1, ∂2} the basis of vetor elds dual to the basis {ω1, ω2}: <
ωi, ∂j >= δij , i.j = 1, 2.
Then for any funtion h we have
dh = h1ω1 + h2ω2, (4)
where h1 = ∂1(h) and h2 = ∂2(h).
Dierentiating relation (4), we nd that
[∂1, ∂2] = H(∂2 − ∂1), (5)
where
H =
fxy
fxfy
.
In the oordinates (x, y), the vetor elds ∂1 and ∂2 have the following form:
∂1 = −f
−1
x ∂x, ∂2 = −f
−1
y ∂y.
In what follows we shall use the notation: hi = ∂i(h), hij = ∂i∂j(h), et.
4 Samuelson's equations
The MaxwellSamuelson area ondition means that an S-web an be realized
as indiated in our main example.
Preisely this relation requires that the webW4 is equivalent to a oordinate
4-web on a ertain Lagrangian surfae.
More preisely, it is required that there exist positive fators s1, s2, t1 and t2
suh that the forms s1ω1, s2ω2, t1ω3 and t2ω4 satisfy relation (1) and are losed.
These requirements imply the following relations:


d(s1ω1) = d(s2ω2) = d(t1ω3) = d(t2ω4) = 0,
s1t1 = s2t2.
(6)
We nd now the expliit form of these equations.
We have
d(s1ω1) = (Hs1 − s1,2)ω1 ∧ ω2 = 0.
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It follows that
s1,2 = Hs1.
Similarly, we get
s2,1 = Hs2.
For the third equation of system (6) we have
d(t1ω3) = (t1,2 − t1,1)ω1 ∧ ω2 = 0,
whene it follows that
t1,2 − t1,1 = 0.
Similarly, we have
d(t2ω4) = (t2,2 − bt2,1 − t2(b1 − (b − 1)H))ω1 ∧ ω2 = 0,
whene it follows that
t2,2 − bt2,1 − t2(b1 − (b− 1)H) = 0.
We dene new funtions σi and τi, i = 1, 2 by the following formulas:
σi = log si, τi = log ti; i = 1, 2.
Then equations (6) take the following form:


σ1,2 = H, σ2,1 = H,
τ1,2 − τ1,1 = 0,
bτ2,1 − τ2,2 = (b − 1)H − b1.
(7)
In addition, the seond equation of system (6) shows that
σ1 + τ1 = σ2 + τ2. (8)
Using the last equation of system (7) and (5) and representing τ2 from (8)
in the form τ2 = σ1 + τ1 − σ2, we obtain the nal form of equations (7):

σ1,2 = H, σ2,1 = H,
τ1,2 − τ1,1 = 0,
bσ1,1 + (b− 1)τ1,2 + σ2,2 = 2bH − b1.
(9)
We shall all system (9) Samuelson's equations, and the dimension of the solution
spae of this system we shall all the rank of the S-web.
Let E1 ⊂ J
1(pi) be a representaion of system (9) of Samuelson's equations
as a submanifold in the spae of 1-jets. Here we denote by pi : R3 × R2 → R2
the trivial ber bundle, where pi : (σ1, σ2, τ1, x, y) 7→ (x, y) Then one an easily
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hek that codim E1 = 4, and the symbol g1 ⊂ T
∗ ⊗ pi of this system is of
dimension 2.
Let further E2 = E
(1)
2 ⊂ J
2(pi) be the rst prolongation of the system of
Samuelson's equations.
Then diret omputation shows that codim E2 = 12, and that the symbol g2
of this system, whih is the rst prolongation of the symbol g1, g2 = g
(1)
1 , has
the dimension 1.
For the seond prolongation E3 = E
(2)
1 ⊂ J
3(pi) we have respetively codim E3 =
24, and dim g
(2)
1 = 0.
In other words, the prolongations of the system of the Samuelson's equations
form the following sequene of brations:
R
2 pi← J0(pi)
g1
← E1
g2
← E2
0
← E3.
Note that the ondition g
(2)
1 = 0 means that the projetion pi3,2 : E3 → E2 is a
dieomorphism, and thus the seond prolongation E3 denes a ertain natural
onnetion in the ber bundle pi2 : E2 → R
2
.
Òåîðåìà 1. System (9) of the dierential Samuelson's equations is a nite type
system, and the rank of the S-web does not exeed dimpi+dim g1+dim g
(1)
1 = 6.
The ondition that the rank of an S-web is maximal means that the onnetion
indiated above is trivial, or that all obstrutions to integration of system (9)
are absent.
As in [2℄, these onditions an be alulated using the multibraket [4℄.
However, below we give an alternative method whih allows us to indiate not
only the ondition for maximum rank of the S-web but also to alulate this
rank in onrete ases.
5 Calulation of the rank of S-webs
Consider the rst equation σ1,2 = H of the system of Samuelson's equations.
Taking into aount relation (5), we an rewrite this equation in the form
σ1,y = −
fxy
fxfy
,
whene
σ1 = − log |fx|+ s1(x).
Similarly,
σ2 = − log |fy|+ s2(y).
The solutions of the third equation
(∂1 − ∂2)(τ1) = 0
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of system (9) have the form
τ1 = w(f),
sine the funtion f is the rst integral of the vetor eld ∂1 − ∂2.
Substituting σ1, σ2, and τ1 in the last equation of system (9), we nd that
bs′1 + s
′
2 = B, (10)
where
B = 2bH − b1 + b
fxx
fx
+
fyy
fy
+ (b− 1)w′.
Taking the rst derivative with respet to x and the seond mixed derivative
with respet to x and y of equation (10), we nd that


bxs
′
1 + bs
′′
1 = Bx,
bxys
′
1 + bys
′′
1 = Bxy.
Denote the determinant of this system onsidered as a system of linear equations
with respet to the funtions s′1 è s
′′
1 by ∆:
∆ = bxby − bbxy.
Then if ∆ 6= 0, the solution of this system has the form
s′1 =
byBx − bBxy
∆
, (11)
s′′1 =
bxBxy − bxyBx
∆
, (12)
Note that the funtion s′1 depends on the variable x only. Thus in order to
satisfy relations (11) and (12), it is neessary and suient that the following
onditions hold:
J1 =
[
byBx − bBxy
∆
]
y
= 0, (13)
J2 =
bxBxy − bxyBx
∆
−
[
byBx − bBxy
∆
]
x
= 0. (14)
If these onditions are satised, then equations (11) and (10) determine the
funtions s′1(x) and s
′
2(y), and onsequently the funtions s1(x) and s2(y), up
to additive onstants.
Thus in the ase when relations (13) and (14) are satised, the solution spae
of the system of equations (11) and (10) is two-dimensional.
If at least one of equations (13) or (14) is not satised and ∆ = 0, then
system (9) of Samuelson's equations does not have a solution.
Note also that after the substitution b = Ceh the ondition ∆ = 0 beomes
the ondition hxy = 0, and thus implies that the funtion b is a produt of
funtions of x and y: b(x, y) = b1(x)b2(y). We shall onsider this ase separately.
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Now onsider now onditions (13) and (14) as dierential equations with
respet to the funtion w. Then ondition (13) leads to the equation
b(1− b)
∆
fxf
2
yw
(4) + T3w
(3) + T2w
′′ + T1w
′ + T0 = 0. (15)
Similarly from ondition (14) we get the equation
b(1− b)
∆
f2xfyw
(4) + S3w
(3) + S2w
′′ + S1w
′ + S0 = 0, (16)
where the oeients T0, T1, T2, T3 and S0, S1, S2, S3 are expressed in terms of
the jets of the funtions f and b of orders ve and six, respetively.
We set
Ki =
∆Ti
b(1− b)f2xfy
, Li =
∆Si
b(1− b)fxf2y
.
Then equations (15) and (16) take the form


w(4) +K3w
(3) +K2w
′′ +K1w
′ +K0 = 0,
w(4) + L3w
(3) + L2w
′′ + L1w
′ + L0 = 0.
(17)
Let us set δ = ∂1 − ∂2. Then δ(w
(i)) = 0, and applying the dierentiation δ
to (17), we nd two sequenes of equations, respetively:


δi(K3)w
(3) + δi(K2)w
′′ + δi(K1)w
′ + δi(K0) = 0,
δi(L3)w
(3) + δi(L2)w
′′ + δi(L1w
′) + δi(L0) = 0,
(18)
where i = 1, 2.
Note that the maximal dimension of the solution spae of system (17) equals
4.
In order to get the four-dimensional solution spae, it is neessary and
suient that the following onditions be satised:
Ki = Li, δ(Ki) = 0, i = 0, 1, 2, 3.
If the above onditions do not hold, then the dimension of the solution spae
(if solutions exist) of system (17) may vary from −1 to 3 depending on the
behavior of the funtions δ(Ki) and δ(Li).
Òåîðåìà 2. Suppose that the basi invariant b of an S-web satises the ondition
∆ 6= 0. Then this S-web is of maximum rank 6 if and only if Ki = Li, δ(Ki) = 0
for all i = 0, 1, 2, 3.
Note that if the system of equations (17), (13) and (14) has solutions,
then the orresponding S-web is isomorphi to the oordinate S-web on the
Lagrangian surfae. However, if the system indiated above does not have solutions,
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then the orresponding S-web is not isomorphi to any oordinate S-web on the
Lagrangian surfae.
In onlusion we onsider the ase of singular S-webs, i.e., S-webs, satisfying
the ondition ∆ = 0.
In this ase b(x, y) = b1(x)b2(x), and equation (10) an be written in the
form
b1s
′
1 − b
−1
2 s
′
2 = b
−1
2 B. (19)
The ondition of solvability of equation (19) is the single ondition
J3 − (b
−1
2 B)xy = 0 (20)
Note that if this ondition is satised, then equation (19) has a three-
dimensional solution spae.
In fat, dierentiating equation (19) with respet to x, we obtain the equation
(b1s
′
1)
′ = (b−12 B)x, whih has a two-dimensional solution spae.
Then, given s1(x), equation (19) is a rst-order dierential equation with
respet to s2(y).
Equation (20) onsidered as equation with respet to the funtion w has the
form
b−12 (b − 1)fxfyw
(3) + r2w
′′ + r1w
′ + r0 = 0,
or
w(3) +R2w
′′ +R1w
′ + R0 = 0,
where
Ri =
ri
(b− 1)fxfy
, i = 0, 1, 2.
Note that the oeients Ri of this equation depends on the fourth jet of
the web funtion f .
Òåîðåìà 3. Suppose that the basi invariant b of an S-web is deomposable,
i.e., b(x, y) = b1(x)b2(y). Then this S-web is of maximum rank 6 if and only if
δ(Ri) = 0, i = 0, 1, 2.
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